We study the superstring theory on pp-wave background with NSNS-flux that is realized as the Penrose limit of AdS 3 × S 3 × M 4 , where M 4 is T 4 or T 4 /Z 2 ( ∼ = K3).
3)
The Hermitian conjugations are defined as
Now, we take a light-cone basis and a Penrose limit. First, we consider the even sector. We redefine the generators as J = −m 5) and take the limit of R → ∞. Then we obtain the commutation relations as [J, 6) which is the same as the ones of H 6 Lie algebra. The Hermitian conjugations are given by
The analysis of odd part can be done just like the even part. We redefine the generates of odd sector as
Q −++ = q 12 , Q +−+ = q 21 , 
10)
The Hermitian conjugations are given by (Q ǫ 1 ,ǫ 2 ,ǫ 3 ) † = Q −ǫ 1 ,−ǫ 2 ,−ǫ 3 . The authors of [8] obtained the superalgebras of the pp-wave backgrounds by contracting the superalgebras of AdS 5 × S 5 , AdS 4 × S 7 and AdS 7 × S 4 . Our result is the counterpart of the case of AdS 3 × S 3 and we obtain the supersymmetric extension of H 6 Lie algebra.
3 Superstring Theory on PP-Wave Background with
NSNS-Flux
The superstring theory on the AdS 3 × S 3 (×M 4 ) (M 4 = T 4 or K3) with NSNS-flux can be described by the SL(2; R) × SU(2) super WZW model. The Penrose limit is realized by contracting these currents [27] and it becomes the WZW model whose target space is 6 dimensional Heisenberg group H 6 . This kind of models were investigated in [28, 29, 30] and studied recently with newer motivations [7, 11, 13] . The sigma model approach of quantization was taken in [30, 7] and the current algebra method was developed in [28, 11] by using free field realization. Although these two approaches should be equivalent, we shall use the latter method, because the similarity with the analysis developed in [15] for the case of AdS 3 × S 3 becomes more transparent.
H 6 Super WZW Model as a Penrose Limit
The superstring theory on the AdS 3 × S 3 can be described by the SL(2; R) × SU(2) super WZW model. We set the level of each current algebra to an equal value k ∈ Z >0 . (The bosonic
and take the limit k → ∞ with keeping the eigenvalues of K Then we obtain the supercurrent algebra of the H 6 super WZW model as J (θ, z) = ψ J (z) + θJ(z) , F (θ, z) = ψ F (z) + θF (z) ,
where i = 1, 2. The total currents J(z), F (z), P i (z) and P * i (z) satisfy the OPEs
(3.9)
Other OPEs have no singular terms. Their superpartners ψ J , ψ F , ψ P i and ψ P * i are free fermions defined by
The total currents J, F , P i and P * i non-trivially act on these free fermions as
The physical meaning of this contraction is clear. In the context of AdS 3 /CF T 2 correspondence, the eigenvalue of −J 3 0 corresponds to the conformal weight ∆ (and also the space-time energy) in the boundary conformal theory and the eigenvalue of K 3 0 is interpreted as the space-time R-charge Q. Therefore we can expect that the above contraction amounts to focusing on the states of string theory on AdS 3 × S 3 (or the boundary conformal theory)
that are very close to the BPS bound and have large R-charges. We call them as "almost BPS states" according to [3] and they are characterized more precisely as
12)
The N = 1 superconformal symmetry is realized as follows. Because the total currents have non-trivial OPEs with fermions, it is convenient to introduce the "bosonic currents" which can be treated independently of fermions. They are defined aŝ 13) which again satisfy the same OPE (3.9) but have no singular OPEs with the free fermions. The N = 1 supercurrent is now defined in the standard fashion 14) and the total currents can be given by acting G on the fermions ψ J , ψ F , ψ P i and ψ P * i as it
should be. The analysis can be performed by using the abstract current algebra techniques in principle. However, it is easier to make use of the following free field realizations as given in [28] . We introduce the free bosons X + , X − , Z i and Z * i (i = 1, 2) defined by the OPEs 15) and rewrite the fermions ψ J , ψ F , ψ P i and ψ P * i as 16) where the new fermions are defined by
The total currents can be now expressed as 18) and the bosonic currents are written aŝ
In terms of these free fields the superconformal current is rewritten as the standard form of flat background
We also introduce the free fields Y i and λ i (i = 1, 2, 3, 4) to describe the remaining T 4 sector
In order to analyze the space-time fermions, we have to introduce the spin fields, which are defined by using the bosonized fermions. We bosonize the fermions as 22) and define the spin fields as
The GSO condition imposes 4 j=0 ǫ j = +1 in the convention of this paper. Precisely speaking, the OPEs including the spin fields are affected by the cocycle factors and they depend on the notation of gamma matrices. We summarize our convention of gamma matrices in appendix A.
Hilbert Space of H 6 Super WZW Model
The irreducible representations of the current algebra of Nappi-Witten model (that is the H 4 WZW model) are classified in [28] . It is easy to extend to the case of H 6 super WZW model. We shall here focus on the "type II" representation (corresponding to the highest weight representation of the zero-mode subalgebra) in the terminology of [28] , and later we discuss the other types of representations. The vacuum state (in the NS sector) is characterized by 24) where Ψ represents all the fermionic fields ψ J , ψ F , ψ P i and ψ P * i . We assume that j ∈ R and 0 < η < 1.
It is useful to rewrite this representation (3.24) in terms of the free fields X ± , Z i , Z * i , ψ ± , ψ i and ψ * i . This is nothing but a Fock representation with the Fock vacuum defined by the vertex operator 25) where σ η is the (chiral) twist field. This field imposes the boundary conditions 
As already discussed in [28, 11] , there is the spectral flow symmetry
and hence we also consider the "flowed representation" as the natural extensions of (3.24).
The vacuum states are given by (where we use p ∈ Z as the spectral flow number)
where n ∈ Z and r ∈ 1/2 + Z. The reason why we should introduce the flowed representations is clear. This spectral flow symmetry (3.30) is actually the counterpart of that on SL(2; R) × SU(2) WZW model and it is not difficult to confirm it directly by taking pp-wave limit (3.7).
In the case of the AdS 3 strings, the necessity of flowed representations is well-known [25] . We will later focus on the sectors with non-zero spectral flow number p to realize the (almost) BPS states and discuss the correspondence with the symmetric orbifold theory. We can again realize the flowed representation (3.31) by means of the Fock representation, in which the Fock vacuum corresponds to the vertex operator
A few comments are in order:
1. We also have other types of irreducible representations of H 6 current algebra. The "Type III" representations have the lowest weights of zero-mode subalgebra and the eigenvalues of F take −1 < η < 0. The "Type I" representations have neither highest weights nor lowest weights and the eigenvalues of F are η = 0. There are also their spectrally flowed representations. As in the case of SL(2; R) WZW model, (see, for example, [25] ) the spectral flow symmetry interchanges the type III representation with the type II representation. In fact, we can easily see that H is the flowed type III representation defined similarly. (We must also make the redefinitions of fermionic oscillators as ψ ′ P i , r := ψ P i , r+1 and ψ ′ P * i , r := ψ P * i , r−1 to equate the both sides of (3.33).) Therefore, we only have to consider the type II representation if assuming the spectral flow symmetry. We also note that the p ≥ 0 representations correspond to the positive energy states and the p < 0 representations to the negative energy ones in the original AdS 3 string theory.
On the other hand, the type I representations seem to be the counterparts of the principal continuous series in the AdS 3 string theory. Because there are no twisted fields in this sector, the vacua of type I representations simply correspond to the next vertex operators light-cone energies in these sectors are continuous and the strings freely propagate along the transverse plane. It is quite natural to identify these sectors with the "long string sectors" in the AdS 3 string [25] . On the other hand, the type II (and type III) representation should correspond to the "short string sectors", because they are the counterparts of the discrete series in the AdS 3 string. The strings in these sectors cannot freely propagate along the transverse plane because the string coordinates Z i , Z * i are twisted.
2.
We here remark the equivalence
where we denote the right hand side as the Fock representation of free fields
In this sense, we can reproduce the exact physical Hilbert space by using the free field representation with no subtlety, (for example, the treatment of screening charges in the case of AdS 3 strings) and this fact is a great advantage of taking the Penrose limit.
Physical Vertices of Superstring on PP-Wave Background
Now, we analyse the physical vertex operators. We shall concentrate on the short string sectors (type II representation) with positive energies (p ≥ 0) for the time being, and we will discuss later the long string sectors. In order to construct the physical vertices, it is convenient to make use of the free field representation previously discussed. We fix the Fock
We construct the physical vertex operators explicitly by the so-called DDF operators in the covariant gauge. Here we introduce the superghosts (γ, β) or the bosonized ones (φ, ξ, η). The BRST charge has the standard form of the free superstring theory as
where T and G are the total stress tensor and the superconformal current constructed from the free fields
The most important vertex operators are the generators of space-time supersymmetry algebra (2.6), (2.9) and (2.10) considered above. The generators of bosonic part are quite easy. They are nothing but the zero-modes of world-sheet H 6 (total) currents;
where we implicitly identify the operators by using the picture changing operator. The generators of fermionic part are obtained by using the spin fields (3.23) as (in the (−1/2) picture)
These operators manifestly BRST invariant and they can locally act on the Fock space associated with |j, η, p (irrespective of the values of j, η and p). We can directly check that they generate the super pp-wave algebra (2.6), (2.9) and (2.10). In particular, we note that
which indicates that Q −+a and Q +−a play the role of supercharges with the "Hamiltonian"
J .
In order to analyse the spectrum of physical states we further need to introduce the DDF operators. Recalling the analysis in AdS 3 string theory [15] , it is quite natural to consider the "affine extension" of (3.38) and (3.39) as
These operators are BRST invariant and locally act on the Fock space associated with |j, η, p (of the fixed η and p). It is obvious that
Note that the supercharges Q ±∓a do not have such affine extensions because the BRST invari-
ance cannot be preserved. The DDF operators (3.41) satisfy the following (anti-)commutation relations (up to the picture changing and BRST exact terms)
It is also useful to remark that (P i, n , Q ++a n ) and (P * i, n , Q −−a n ) are the supermultiplets with respect to the supercharges Q +−a and Q −+a . More precisely, we find the relations
The explicit forms of the (anti-)commutation relations are summarized in appendix B.
In order to construct the remaining DDF operators for the T 4 directions, it is convenient to relabel the fermions λ i as
and the free bosons Y aȧ are defined similarly. These have the following OPEs
The DDF operators can be then given by
and they satisfy
The pair of (A aȧ n , B αȧ n ) again become supermultiplets with respect to Q ±∓a (see appendix B
for the more precise relations)
Finally we discuss whether or not the other vertex operators can be constructed from the remaining spin fields S −±±±∓ and S −±±∓± , which are allowed by the GSO condition. The locality condition requires the "dressing" of the factors like e ±i n+η p+η X + , however these factors are not compatible with the BRST invariance. Therefore, we conclude that (P i, n , Q ++a n ), (P * i, n , Q −−a n ) and (A aȧ n , B αȧ n ) are the complete set of DDF operators.
Spectrum of Physical States
Because we have presented the complete list of DDF operators, it is now easy to construct general physical states. More precisely speaking, we are interested in the physical states corresponding to the almost BPS states in the original AdS 3 × S 3 superstring theory characterized
where ∆ represents the space-time energy, (measured by −J 3 0 in the original AdS 3 string theory) that is identified as the conformal weight of the boundary conformal field theory, and Q represents the space-time R-charge (measured by K 3 0 ). This condition is equivalent to
and all string excitations satisfy this condition in the pp-wave limit k → +∞. The BPS states correspond to the cases of J = 0 and belong to the short multiplets of the superalgebra (3.38) and ( We concentrate on the sectors with no momenta along T 4 direction for the time being. It is not difficult to write down the complete list of BPS states for each of the fixed p and η. In the NS sector, we obtain (where we focus on the left-mover only)
and we have two more BPS states in the R-sector as
Here, we point out the next relation, which is useful for our discussion |ω 0 ; η, p with the holomorphic one-form dZ˙a on T 4 . Therefore, emphasizing the correspondence to H * (T 4 ), the non-chiral BPS states can be explicitly written as
These states have the degenerate charge F = p + η for each sector of p and η.
We can construct the other types of physical states by making the DDF operators (3.41) and (3.48) act on these BPS states. We first note that the BPS states are actually the Fock vacua with respect to (3.41) and (3.48); that is
0 , see (3.55).) We hence obtain
as typical physical states. These states become almost BPS under the condition
which is always satisfied for sufficiently large k. Other states can be obtained by multiplying the supercharges Q ±∓a . In order to consider the level matching condition, we must keep it in mind that our free field representation corresponds to choosing different coordinate systems for the left and right movers as discussed in [11] . Hence we can include the non-vanishing "helicity in the transverse plane" J −J = h ∈ Z, and the level matching condition becomes
We should note that under the limiting procedure k → ∞, huge number of stringy excitations of the original AdS 3 superstring theory are included in our physical Hilbert space of string theory on pp-wave background. These states could correspond to very massive states, (which could possess very large energies −J 3 0 ) although they have the small J -charges. This fact gives us a theoretical ground for making it possible to identify a lot of stringy excitations with the objects in the dual theory as in [3] .
In order to complete our discussion we must also consider the sectors with non-trivial momenta along T 4 . It is easy to show that there are no BPS states in these sectors. However, it is possible to construct the almost BPS states. We only consider a rectangular torus for simplicity and use R a (a = 1, 2, 3, 4) as the radii. The momenta of T 4 sector can be written
where n a and w a are the KK momenta and winding modes, respectively. Here we use the convention α ′ ≡ l +η |j,j, η, p; n a , w
where |j,j, η, p; n a , w a corresponds to the vertex operator
The on-shell condition leads to
and the level matching condition j −j ∈ Z amounts to a n a w a ∈ (p + η)Z . We have again huge number of stringy states for sufficiently large k.
Finally we make a few comments:
1. The spectrum of light-cone energies is given by H l.c. = −(J +J ). In particular, in the case of p = 0 (although we are interested in the cases of p ≥ 1), we can obtain
where N andN are the mode counting operators and J andJ are the "angular momentum operators". They act on the DDF operators as
The level matching condition is expressed as J −J ≡ h ∈ Z, which leads to the conditions N −N = 0 and J −J ≡ h ∈ Z for generic value of η, as discussed in [11] . This spectrum is consistent with the result given in [7] (and the appendix of [3] ).
2.
We can also construct many physical states in the sectors of spectrally flowed type I representations. The analysis is quite easy because it can be described by the usual free fields without twist operators. As we have already mentioned, it is plausible to suppose that they correspond to the long strings in the AdS 3 string theory [31, 32, 25] . More precisely, the strings in these sectors possess a continuous spectrum of the light-cone energies and can freely propagate along the transverse plane. The corresponding excitations do not seem to exist in the symmetric orbifold theory, which we will analyse in the next section, because it only includes the discrete spectrum. The existence of such continuous spectrum in the pp-wave strings reflects the non-compactness of the background, and is presumably related to the singularity of the type discussed in [32] .
On the other hand, the symmetric orbifold theory corresponds to the "smooth point" in the moduli space of NS1-NS5 system with the non-vanishing world-sheet theta angle. From this reason the absence of the continuous spectrum does not indicate a contradiction. The detailed analysis of such singularity and the aspects of long string sectors will be significant subjects for our future study, however we shall not discuss them any more in this paper.
Comparison with
The well-known candidate of the dual theory of the superstrings on the AdS 3 × S 3 × T 4 is the N = (4, 4) non-linear σ-model on the symmetric orbifold space Sym
where M = Q 1 Q 5 , for sufficiently large Q 1 and Q 5 [16, 17] . (Q 1 and Q 5 are the NS1 and NS5 charges, respectively.) The charge Q 5 can be identified as the level k of SL(2; R) and SU(2) WZW models. The charge Q 1 should be the implicit upper bound of spectral flow number p. (See, for example, [19] . Of course, p should not be bounded from the viewpoints of perturbative string theory. However, we take anyway the large Q 1 limit as well as large Q 5 .) The main subject of this section is to analyse the spectrum of BPS and almost BPS states with large R-charges Q(
, and compare the spectrum of short string sectors with positive energies, which was studied in the previous section. To this aim, we start with a short review of Sym M (T 4 ) σ-Model.
Short Review of Sym
The N = (4, 4) superconformal field theory defined by the supersymmetric σ-model on
M /S M is described as follows. We use 4M free bosons 
These generate the N = 4 (small) superconformal algebra (SCA) with central charge c = 6M. In our convention, we set ǫ +− = ǫ −+ = 1 and ǫ −+ = ǫ +− = −1, and the OPEs of free fields are written as
2)
The usual convention of SU(2) current is given by
} and the counterpart of the right mover compose the super Lie algebra P SU(1, 1|2) L × P SU(1, 1|2) R . This subalgebra corresponds to the supersymmetric algebra on the AdS 3 × S 3 geometry, as we already mentioned.
According to the general approach to the orbifold conformal field theory [33] , we have various twisted sectors corresponding to the each element g of S M . The Hilbert space of each twisted sector is defined with the following boundary condition (z ≡ e τ +iσ ) as
where
. We should take the projection onto the S M -invariant subspace.
Because an arbitrary permutation can be decomposed by cyclic permutations, it is standard to label each twisted sector by a Young tableau (N 1 , . . . , N l ), in which each row corresponds to the Z N i -twisted sector. In the context of AdS 3 /CF T 2 correspondence, (see, for example, [17] ) each Z N i -twisted sector describes a single-particle state and (N 1 , . . . , N l )-twisted sector describes the Hilbert space of l-particle states. In order to compare with the physical spectrum of first quantized superstring theory, it is enough to focus on the single-particle Hilbert space. Hence, we shall concentrate on the Z N -twisted sector (N ≤ M) from now on.
We label the objects in this sector by the index A ≡ [(A 0 ), . . . , (A N −1 )], where A i = 0, . . . , N − 1 such that A i = A j for ∀ i = j. The string coordinates of this sector are defined on the world-sheet 0 ≤ σ ≤ 2π, which is rescaled from the N-times one 0 ≤ σ ≤ 2πN. These coordinates are given by
where Φ represents the fields X aȧ , Ψ αȧ andΨα˙a. These variables X 
(4.5)
The superconformal currents compatible with this condition (4.5), which can act on the physical Hilbert space independently of the right movers, consists only of the modes of n ∈ NZ 4 . More precisely, the superconformal currents describing properly the Z N -twisted sector 4 The fractional modes, e.g.,L n N ≡ 1 N L n (where n ∈ N Z), can also act on the physical Hilbert space. However, in that case, the left and right movers are not independent and restricted by the condition (4.5).
{L n ,Ĝ αa r ,K αβ n } should be defined as follows [34, 35] (from now on, we shall omit the label A for simplicity and only present the NS sector)
One can check directly that these operators generate the N = 4 superconformal algebra with c = 6N. The anomaly term in the expression ofL n corresponds essentially to the Schwarzian derivative of the conformal mapping z −→ z N . We should note that the modes of hatted currents are counted byL 0 .
From these definitions (4.6) we can find that the vacuum |0; N of Z N -twisted sector possesses the following properties:
• N = 2qL
When N is even, the supercurrentĜ αa r in the NS sector is made of the one in the R sector before imposing the Z N -invariance. The extra vacuum energy "
4N
" and the extra R-charge "− 1 2 " in the case of N = 2q originate from this fact. Now, we focus on the BPS states (chiral primary states) in this Z N -twisted sector, which are defined by the next conditionŝ
These conditions lead inevitably to
At this point it is not difficult to present the explicit forms of all the possible BPS states in the Z N -twisted sector. (See, for example, [36] .) They are written as
where the left(right)-moving parts are defined by • N = 2q It is easy to check that , respectively, which are the zero-modes of the total currents in SL(2; R) and SU(2) super WZW models. Recalling the relations (3.7), we must take the identification
Therefore we should consider the case in which N ∼ k ≫ 1. We should also assume that |K 3 0 −L 0 | ≪ k. In this situation, it is very useful to introduce the next "pp-wave limit". We redefine 16) where l runs over the range l = 1, 2, . . . , k − 1, and take the large k limit with keeping F finite. Remarkably, these operators satisfy the same (anti-)commutation relations as (3.43) and (3.49) with the identification N = pk + l and η = l/k under the large k limit. Strictly speaking, the mode expansions of twisted σ-model coordinates i∂X aȧ and Ψ αȧ depend on whether N is even or odd. (Recall the discussions in the previous subsection.) However, we can neglect safely the difference 1/2N under the assumption of large N. It is quite important to note that there is the equal number of degrees of freedom after taking such large N limit.
The Hilbert space of Z N -twisted sector is spanned by the free oscillators Ψ At this stage, we can compare the spectra of BPS and almost BPS states with the superstring spectrum. As already mentioned, the spectrum should be compared with the short string sectors with positive p ≥ 1. We again forget the sectors with momenta along T 4 sector for the time being. First, we consider the BPS states. We start with the simple consideration of degrees of freedom. At least with respect to the BPS states, we can expect that the equal number of physical states exist in both of the superstring theory on AdS 3 × S 3 × T 4 and the pp-wave background. This statement is valid as long as the pp-wave string theory is defined by the contraction (3.7). Fix the spectral flow number p(≥ 1). It is known [22, 23] that, roughly speaking, there are about k ×dim H * (T 4 ) BPS states with the R-charges
in the string theory on the AdS 3 × S 3 × T 4 . This values of R-charges amount to
, for each of the spectrally flowed sector. Therefore, we should assume η = l/k (l = 1, 2, . . . , k − 1), so that the following physical Hilbert space
includes the equal number of BPS states as those of AdS 3 × S 3 × T 4 superstring theory 5 .
Turning to the symmetric orbifold, we consider the following direct sum of the single particle Hilbert spaces of the Z N (l) twisted sectors, (where we set N(l) ≡ kp + l (0 < l < k))
It is obvious that H Next, we consider the almost BPS states. Once we admit the correspondence of η = l/k, it is not difficult to find the almost BPS states in H
symm that correspond to the stringy excitations of the string theory side. First, we rewrite the DDF operators (3.41) and (3.48), which act on the Hilbert space
i, n and so on. We also rewrite the operators (4.16) as P
and so on, for each Z N (j) -twisted sector H symm (N(j)) (where 1 ≤ l ≤ k − 1 and 1 ≤ j ≤ k − 1). The "diagonal terms" (e.g., P (l,l) ′ i, n ) generate the superalgebra equivalent to that of DDF operators P (l) i, n , P * (l) i, n and so on, as we already mentioned. Now the correspondence is obvious. The non-trivial consistency check is only the level matching condition. In the symmetric orbifold theory side, the level matching condition is given byL
This condition is consistent with the result of string theory side (3.60) under the above correspondence of DDF operators. However, we should note here that the string Hilbert space H
pp-wave is strictly smaller than that of symmetric orbifold; that is to say
(4.20)
In fact, the "non-diagonal terms"(e.g., P
(l,j) ′ i, n with l = j) have no counterparts in the string side. Therefore, we cannot define the corresponding DDF operators as local operators on the 5 The threshold values l = 0 and k cannot be included because there is a restriction 0 < η < 1 in the type II representations. Moreover, the states with l = k − 1 corresponds to the missing states in the original AdS 3 × S 3 string theory for each p. (See, for example, [37, 22] .) One might worry that η should be continuous in principle. These subtleties are, however, harmless for sufficiently large k.
string Hilbert space. These missing states in the string spectrum may be compensated by non-perturbative excitations. Because we are now assuming the small string coupling, the nonperturbative excitations usually become very massive. Under the assumption of large k, the space of almost BPS states can include such very massive excitations in principle. However, our world-sheet analysis as a perturbative string theory cannot include such excitations. This is the reason why there are many missing states in the string side. The non-perturbative analysis will be an important task for future study.
Finally we consider the sectors with non-vanishing momenta. As in the string spectrum, there are no BPS states in these sectors, however there are many almost BPS states. Recall
. The operator L 0 includes the contribution of momenta with the standard normalization. Hence, we find that the contributions of momenta to J andJ are given as follows (for the sector H symm (N(l)) with N(l) ≡ kp + l)
where n By comparing the analysis given in the last section (under the identification η = l/k), we obtain the following correspondence between the spectrum of string theory and that of the symmetric orbifold theory as 23) where n a and w a are the zero-momenta in the string theory side 6 .
We have observed that there are again many missing states in the string theory side. The essentially same aspect was already pointed out in the context of string theory on AdS 3 ×S 3 × T 4 [20] . It may be worthwhile to comment on how such discrepancy is removed if assuming the fractional string excitations. These excitations do not exist in the perturbative string spectrum and may be at least explained in the S-dual picture. The existence of k ≡ Q 5 NS5
leads to the fractional string with the tensionT = T /k, where T represents the tension of fundamental string. If we measure the radii of T 4 by the unit of string length l s = 1/ √ T , namely, R a = r a l s , the momenta (3.61) becomes
6 Although √ k is not an integer in general, we can approximate it by [ √ k], because we are now assuming
For the fractional strings, we should replace the string length l s withl s ≡ cohomology of T 4 . As for the almost BPS states, we first consider the following Fock vacua as |i,ī; j,j; η, p; n a , w a ; (±) = |i,ī; j,j; η, p; n a , w a ± |i,ī; j,j; η, p; −n a , −w a , 
Twisted sectors
There are 16 twisted sectors that describe stringy excitations around each fixed point of orbifold action. For each twisted sector, we need to consider the following boundary conditions as 6) and moreover,
First, we consider the BPS states. In the NS vacua, there are both of the bosonic and fermionic twist fields; σ
, whose conformal weights are equal to
Based on this fact we can observe that there are no BPS states in the NS-NS, NS-R and R-NS sectors. On the other hand, the R vacua can include only the bosonic twist field σ
and only the spin fields along the H 6 direction, which we express as S ǫ 0 ǫ 1 ǫ 2 . This fact leads us to a unique R-R BPS state (per each twisted sector), which is explicitly written as
In this way, we have found the 16 R-R BPS states in the twisted sectors for each p and η. + Z in this case. This fact originates from the boundary condition (5.7). We again need the constraint ♯{B 10) to preserve the Z 2 -invariance.
Comparison with Sym
This action preserves the N = (4, 4) superconformal symmetry. We again study the single particle Hilbert space of Z N -twisted sector with N = pk + l (0 < l < k), as in the previous section.
We first consider the spectrum of BPS states. In the untwisted sector of Z 2 orbifoldization, only the Z 2 -invariant BPS states survive. They correspond to the even cohomology of T 4 .
The analysis of the twisted sectors is more complicated. Focusing on one of the twisted sectors corresponding to the 16 fixed points, we can observe the following aspects:
We have the mode expansions i∂X and Ψ αȧ n N , (n ∈ Z) and we obtain for the NS
(5.12)
• N = 2q
We have the mode expansions i∂X , (n ∈ Z) and we obtain for the NS
In these expressions the extra zero-point energies and R-charges assigned to the NS vacua are due to these twisted mode expansions. Based on these aspects, we can find out the following BPS state that is unique for each of the twisted sectors as |ω (1, 1) ;
14)
and we obtainL With respect to the almost BPS states, the discussion is almost parallel to the case of T 4 . We can explicitly write down the complete list of almost BPS states in the symmetric orbifold theory and compare it with the string theory result by using the identification of DDF operators, as before. However, in this case, we must identify the DDF operators B 
Conclusion
In this paper we have studied the correspondence between string theory on pp-wave background with NSNS-flux and superconformal theory on symmetric orbifold Sym [27] . This theory is described by a noncompact WZW model with the target manifold of 6-dimensional Heisenberg group (H 6 ). We employed current algebra approach according to [28] and quantize the system in the covariant gauge. By making use of the free field representation, we have explicitly constructed the physical vertices that correspond to the generators of global supersymmetries and the complete set of DDF operators. The spectrum of physical states is classified by the "short string sectors" and "long string sectors", as in the AdS 3 string theory [25] . The latter has a continuous spectrum of light-cone energy and the strings freely propagate along the transverse plane, while the strings of the former cannot propagate along the transverse plane.
We have compared the general short string excitations with the single particle Hilbert spaces included in the symmetric orbifold theory. We have shown that all the the short string states are successfully embedded into the Hilbert space of symmetric orbifold theory. At this point, our analysis of DDF operators played an essential role. We have also found the existence of many missing states in the string Hilbert space, which should be understood as non-perturbative excitations. It has just begun to study the duality between string theory on pp-wave backgrounds and boundary conformal field theory. Among other things, it is a very interesting and challenging problem how we should explain the origin of missing states mentioned above. For this purpose it may be a suggestive thing that our H 6 string theory can be described by the conformal theory reminiscent of C 2 /Z k model under our identification η = l/k. Roughly speaking, this seems to originate from the well-known fact that the k NS5 system should be the T-dual of C 2 /Z k ∼ ALE(A k−1 ), although the original AdS 3 × S 3 background is known to be located at the different point in the moduli space 7 . In any case, the similarity with the C 2 /Z k model seems to imply the existence of fractional string excitations, if we take a non-perturbative approach, say, the matrix string theory [38] . As we discussed in section 4, such excitations may give a good explanation of the missing states.
Another important problem is to determine the interactions from the world-sheet techniques by calculating the correlation functions. Recently, the interactions in string theory on pp-wave backgrounds with RR-flux have been investigated [12] . It may be interesting to analyse the string interaction in our NSNS-model and compare it with the results of the RR-background. 7 The C 2 /Z k model corresponds to the point with non-vanishing world-sheet theta angle θ = 1/k, but the AdS 3 × S 3 model should correspond to the point of θ = 0. However, the difference become negligible in the large k limit. (σ 1 ± iσ 2 ). We use the charge conjugation matrix as
which has the property as
Then the OPEs including spin fields are given as follows (Γ µ C) AB ψ µ (w) . (A.5)
